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In a lightly ionized plasma, charged-particle drift due to collisions 
with neutral atoms occurs at different velocities: 

baE baE(~aVa) 
~'E~=-T- 1 +(~v~)~ '  v •  1 +(~v~)~ 

(b _ i ~ l ~ ,  ~ =  lel~____~, 
~ a  ~ a  ] 

where b a is the mobility of particles of the type a; wa is the Larmor 
frequency; the upper sign refers to electrons and the lower sign to ions. 

A difference in the charged-particle drift velocities can cause insta- 
bility of an inhomogeneous lightly ionized plasma. 

Let us comider the following example. Assume that in the initial state 
of the plasma there is a concentration gradiem along the x-axis, that 
the external electric field is directed along the x-axis, and that the 
magnetic field coincides with the z-axis. In this system, under the 
influence of a Lorentz force the charged particles will move in a di- 
rection opposite to the y-axis. Since electrons have a higher velocity 
than ions, an electric field is induced in this direction. This electric 
field, together with the magnetic field, causes particle drift in the 
negative direction of the x-axis. Consequently, if the concentration 
gradient in the initial state is directed opposite to the x-axR this state 
cannot be stable. 

Instability of this kind has been examined by Simon [1]. On the basis 
of studies by Kadomtsev and Nedospasov [2], as well as by Rosenbluth 
and Longmire [3], Simon developed a theory of instability of a lightly 
ionized plasma in crossed fields with an inhomogeneous density dis- 
tribution in the direction of the external electric field. Somewhat 
later, Simon's theory was developed [4]. 

In devices with inhomogeneous plasma flow in which the plasma (con- 
ducting) layers alternate with nonconducting layers, the external elec- 
tric field and concentration are normal to one another. We shall bear 
this case in mind below and shall examine the instability of a lightly 
ionized plasma in crossed fields when the concentration inhomogeneity 
is in a direction perpendicular to the external electric field. 

w 1. L e t  u s  a s s u m e  t h a t  t he  p l a s m a  i s  i n h o m o g e n e o u s  

a l o n g  t h e  x - a x i s ,  t h a t  t h e  e x t e r n a l  e l e c t r i c  f i e l d  i s  

h o m o g e n e o u s  a n d  d i r e c t e d  a l o n g  t h e  y - a x i s ,  and  t h a t  

t h e  e x t e r n a l  m a g n e t i c  f i e l d  i s  h o m o g e n e o u s  and  h a s  a 
z - c o m p o n e n t .  T h e  t h i c k n e s s  of t h e  p l a s m a  l a y e r  i s  2a ,  
and  t he  d i m e n s i o n s  of t h e l a y e r  a l o n g t h e  y -  and  z - a x e s  

a r e  g r e a t  e n o u g h  t h a t  t h e  b o u n d a r y  c o n d i t i o n s  c a n  b e  
i g n o r e d  in  t h e s e  d i r e c t i o n s .  

L e t  u s  c o n s i d e r  o s c i l l a t i o n s  at  a f r e q u e n c y  c o n s i d -  
e r a b l y  l o w e r  t h a n  t h e  L a n g m u i r  f r e q u e n c y .  In a d d i t i o n ,  

we  a s s u m e  t h a t  t h e  t h i c k n e s s  of t h e  p l a s m a  l a y e r  i s  
c o n s i d e r a b l y  g r e a t e r  t h a n  t h e  D e b y e  l e n g t h .  T h e r e f o r e ,  
t h e  p l a s m a  c a n  b e  c o n s i d e r e d  q u a s i n e u t r a l  and  t h e  
e q u a t i o n  of c h a r g e  c o n s e r v a t i o n  c a n  b e  w r i t t e n  a s  

On / Ot q- V n v e  = Z n ,  On / Ot q- V n v ~  = Z n .  (i.l) 

H e r e ,  r e c o m b i n a t i o n  i s  i g n o r e d ,  s i n c e  i t  i s  a s s u m e d  
to b e  n e g l i g i b l e  in  a l i g h t l y  i o n i z e d  p l a s m a  (no te  t h a t  
r e c o m b i n a t i o n  e x e r t s  a s t a b i l i z i n g  i n f l u e n c e  on  t h e  

i n i t i a l  s t a t e  of t h e  p l a s m a ) ;  n i s  t h e  c o n c e n t r a t i o n ;  v e 

and  v i a r e  t h e  d i r e c t i o n a l  e l e c t r o n  a n d  ion  v e l o c i t i e s ;  

Z i s  t h e  i o n i z a t i o n  f r e q u e n c y .  

To d e t e r m i n e  t h e  v e l o c i t i e s  v e and  v i ,  we m u s t  u s e  
t h e  e q u a t i o n s  of m o t i o n  of t h e  p a r t i c l e s .  L e t  t h e  

p a r t i c l e - v e l o c i t y  d i s t r i b u t i o n  b e  M a x w e l l i a n ,  l e t  t h e  

e l e c t r o n  T e and  ion  T i t e m p e r a t u r e s  b e  c o n s t a n t  ( t h e r -  

m a l  d i f f u s i o n  i s  i g n o r e d ) ,  l e t  t h e  t r a n s p o r t  p r o c e s s  b e  

d i f f u s i o n a l  ( the  d i r e c t i o n a l  p a r t i c l e  v e l o c i t y  i s  m u c h  

l e s s  t h a n  t h e  t h e r m a l ) ,  l e t  t h e  e l e c t r i c  f i e l d  h a v e  a 
p o t e n t i a l  n a t u r e  ( the  i n d u c e d  m a g n e t i c  f i e l d  i s  i g n o r e d ,  

in  v i e w  of t h e  l ow  c h a r g e d - p a r t i c l e  c o n c e n t r a t i o n ) ,  l e t  

t h e  c o l l i s i o n  f r e q u e n c y  of i o n s  w i t h  n e u t r a l  a t o m s  Vin 
b e  m u c h  g r e a t e r  t h a n  t h e  ion  c y c l o t r o n  f r e q u e n c y  cob 
a n d  l e t  t h e  p e r t u r b a t i o n  f r e q u e n c y  co a n d  t he  c h a r g e d -  

p a r t i c l e  c o l l i s i o n  f r e q u e n c i e s  Vei and  Vie b e  s m a l l  in  

c o m p a r i s o n  w i t h  t h e  f r e q u e n c i e s  Yen and  Vin of c o l l i -  
s i o n s  w i t h  n e u t r a l  a t o m s .  T h u s ,  w e  c a n  w r i t e  

n e ~  - -  ne [veB ] ~ T~X7 n ~ ram%nv 8 = O, 

nex7t~ q- T ~ 7  n q- nMv~ ,v i  = O. (1.2)  

H e n c e ,  t h e  d i r e c t i o n a l  p a r t i c l e  v e l o c i t i e s  a r e  

(be O~ D e On 
. = ~ x w i .  Oxj ~ Oxj/ Ve~ i 

(~:~=x, y, z; x j=~: , y ,  : ) ,  (1 .3)  

_ T~i \ 

~ = ~ = [ t §  (~)~r "~, ~ = - -  (%r ~, ~x, = 0 ,  
%~ = (%~o)~, ~,~, = ~, ~ = 0, 
~ ,  ~ 0, ~ v  = 0, ~z~ = I .  (1 .4)  

In (1 .3) ,  a t e n s o r  n o t a t i o n  i s  u s e d  f o r  t he  s u m  of 

m o n o n o m i a l s  w i t h  r e p e a t i n g  s u b s c r i p t s ;  b e a n d  b i a r e  
t h e  e l e c t r o n  and  ion  m o b i l i t i e s ;  D e and  D i a r e  t h e  d i f -  

f u s i o n  c o e f f i c i e n t s  of t h e s e  p a r t i c l e s .  
A l o n g  t h e  y -  and  z - a x e s ,  t h e  d i m e n s i o n s  of t h e  

p l a s m a  l a y e r  a r e  a s s u m e d  to  b e  r a t h e r  l a r g e ,  so  t h e  
p e r t u r b a t i o n  of t h e  c o n c e n t r a t i o n  and  of t he  e l e c t r i c  

f i e l d  c a n  b e  t a k e n  a s f  ( x ) e x p i  (kyy + k z z  - cot). T h e r e -  
f o r e ,  in  l i n e a r i z a t i o n  of (1 .1)  we  a s s u m e  

n ~ no (x) @ nl (x) exp i ( ~ y  q- kz z - -  cot), 

4 = ~ o ( x ,  y) q - ~ l ( x )  exp i ( k y y  q - k z z - - c o t ) ,  

4o = (z, y) = 4o (x) § 40 (y), 
(1.5)  

0% / 0y = - -  E o = cons t .  
H e r e  E 0 i s  t h e  e x t e r n a l  e l e c t r i c  f i e ld .  C o n s i d e r i n g  

(1.5) ,  f r o m  (1.1)  we  o b t a i n  t h e  c o n t i n u i t y  e q u a t i o n s  f o r  
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t h e  i n i t i a l  s t a t e  o f  t h e  p l a s m a  

d %  7 tin0 
[ be -dTkd {no-d7 \ _ _  D~. dz~j + (%%) ~b~Eo - d T =  Zno, 

d% ~ D d~no ( 1 . 6 )  

a n d  t h e  e q u a t i o n s  o f  c h a r g e  c o n s e r v a t i o n  i n  t h e  p e r t u r -  

b a t i o n s  

- -  (Z + i~) n~ + ~ 

{ ~ko#D~ - -  Da(p ~ § vD - -  ~ - -  

_ _ i [ o r +  ~ be k~p(2Da+(me%)~(Da+DO)]}N~-- 
~ W  

- -  F~ @ i  (Oe,~eky p ~b e no* = 0 ,  

[ Dik2 --  Dape -- ct --  i (m r -- kvbiEo)] N~ + b i ~ -  F~ ~Fx = O, 

F1 --  - ~ -  -U - ~  @ ]f~, F2 = - - ~  + T + kO2 ' 

(2.2)  

(2.3)  

<]- 

- -  lc~ ~ ( b , n o ~ , - -  D , n ~ )  = 0 

(1.7) 

+ k ~ (bino~pz + D # O  + 

d~nl ]C~ 
+ ikubtEon~ - -  D~ ~ = O, = ku ~ + k~ ~ . 

T h e  i n i t i a l  s t a t e  o f  t h e  p l a s m a  l a y e r  i s  d e t e r m i n e d  

b y  E q s .  (1 .6 ) .  V a r i o u s  i n i t i a l  s t a t e s  a r e  p o s s i b l e ,  d e -  

p e n d i n g  on  t h e  b o u n d a r y  c o n d i t i o n s .  L e t  u s  a s s u m e  

t h a t  c o m p l e t e  n e u t . r a l i z a t i o n  o f  t h e  c h a r g e d  p a r t i c l e s  

o c c u r s  a t  t h e  b o u n d a r i e s  o f  t h e  p l a s m a  l a y e r ,  i . e . ,  

n o = 0  w h e n  x = + a .  A c o n s e q u e n c e  o f  t h i s  a s s u m p t i o n  

i s  s i n g u l a r i t y  o f  t h e  i n d u c e d  e l e c t r i c  f i e l d  a t  t h e  p o i n t s  

x =:~a, b u t  t h i s  m o s t  l i k e l y  i s  f o r m a l  i n  m e a n i n g .  

W e  h a v e  

no = N o  e ~ c o s  ,~x,  v = ~/~ n / a ,  ( 1 . 8 )  

Z p Z v tg  v x , ( 1 . 9 )  

O = ~ - 2  ~aa z,~ Z--~be-~-b~ ( 1 . 1 0 )  

D~ = + (b~D, + b, DO . 

w h e r e  D a i s  t h e  c o e f f i c i e n t  o f  a m b i p o l a r  d i f f u s i o n .  

2. The problem of eigenvalues is raised in regard to the parameter 
iw = iw r + a in (1.7). If there exists an eigenvatue with a < 0, the 
initial state defined by (LS) and (3..9) is unstable; otherwise, it is 
stable. 

To solve this problem, we must  find the perturbations nx and Ca, 
but exact solution of Eqs. (1.7) is impossible, due to variability of the 
coefficients in them. We shall therefore use the Galerkin method. 

�9 From the sequence of coordinate functions that satisfy the conditions 
of completeness, we take the first, thus l imiting ourselves to seeking 
approximations for the first eigenvalue. We note that a similar sim- 
plification of the method was used earlier by Kadomtsev and Nedospasov 
[2] to study the instability of a positive column in a homogeneous lon- 
gitudinal magnet ic  field with respect to helical  perturbations. The 
results of their calculations of anomalous diffusion are in good agree- 
ment  with the experimental  data of Hoh and Lehnert [5]. 

Letting the perturbations n~ and ~ obey the boundary conditions 
n, = r = 0 when x = �9 a, we take as the coordinate function cos vx, 
i. e . ,  we let 

n 1 = N, cosvx,  ~t = ~F~ eosvx ,  (2.1) 

where Nz and ~ are complex constants. 
Introducing (1.8), (1.9), and (2.1) into (1.7), with scalar multipli-  

cation by the coordinate function in the region (--a < x < a), we obtain 

a 
2 k,J = k~ + (%%kz)L no* = -a -  ) no cos~ vz dz. 

--a 

Further, in (2.2) we ignore the term Da(P 2 + v2), since it issmaller 
than the quantity gk~ D e in the ratio Bbi/b e. Then, with the condition 
of nontriviality of the solutions for Nx and %,  from ("2.2) and (2.3) we 
obtain 

= Dik= - -  Dap ~ -i- 

@ F1 F~"k2 Debi / be - -  ~/~ (kyP)~ [2Oa + ((~ (De + Di)] (2.4)  

&"~ + (% %%~vP)" 

ea r = kybiEo - -  

2/3 o) z k~ZD b. / b + F~. [2D a D~)] --k~pF~ ~ ~ ~ ~ ~ q - (%~)7 (D~+  / % ~ .  (2.5) 
F~ 2 + (% %%kup)~ 

The initial state is unstable if c~ < O. Therefore, the imtability 
criterion takes the form 

{Dik ~- [ F~ ~ + (~ o)e"Cek~9) ~ ] -l- F1F2k~Debi/ b } < p~" {D a [ F2 ~" -~ 
(2.6) 

@ "(2/3 %'Cekyp)~] + ~/a ky ~ [2Da @ ((~ (Da @ Di)]}. 

Let us make some estimates. 
We denote by v~ the value of v 2 at which the numerator of the 

fraction in (2.4) vanishes: 

2be I2__ (kvp)~ [2De + 
v~ kJbiD e[ 3 

+@dCe),2(Da+ D,)]--I% ~ bi D (P~ + k , , 2 ) } .  
�9 3-'-e e 

Then the numerator of this fraction can be written as 

M=1/2 ko~'~biD e (T--t)Vo~/be 

Hence, it follows that: 
1) If the wave numbers are such that y ___ 1 (v~ cannot be less than 

zero), the increment will be no greater than Dap 2, i.e., 

! ~ [ ~ (% %%biEo)" DC l. (2.7) 

2) For other wave numbers 

l a l  < (DaO ~ @ Q). 

As Q we can take the upper l imit  of the fraction 

% (~lp) ~ [2D a + (%'re)" (D a + D~)] & 
F~." @ ('~/a OeTekvp)~ 

The quantity 2/3k~F l is not greater than the denominator of this 
fraction. Therefore, 

d 

Q = p([2O~ + (%%)~ (D a + Di) l 

and, consequently, 

[ a I < Da -~ (%TO~Eo) ~ [2 + (%Te)~-]. (2.8) 

Comparing (2.7) and (2.8), we conclude that for any wave numbers 
the increment is less than 

D~ -a (%**rio) ~ [i + (%*e)q (v~o = hiE0), 
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where vi0 is the directional (current) velocity of ions in the initial state 
of the plasma. 

In (2.5), the fraction is less than a~o: 

foo = kyp J bi O)e'~eD e -I'- ~ [2Da 4- ((Cede) ~ (D a -Jr- Di)]} = 
{ be foe're �9 

= k~biEo [t -t- (f0eTe)~ �9 

Therefore, for any wave numbers 

Ifor I < kuvlo [t § (fo~%)% 

The value r r can be positive as well as negative. This indicates 
that forward and backward waves can exist. 

As y2 increases, the positive part of the fraction in (2.4) decreases 

less markedly than does the negative part. Therefore, thin plasma 
layers must be less unstable than thick ones. 

8. Let us consider the charged-particle balance in the plasma 
layer. In the initial state, the charged-particle diffusion currents that 
are directed along the y- and z-axes are not functions of the corre- 
sponding coordinates. Therefore, these currents canUot show up in the 
particle balance. The particle balance in the layer is determined by 
the diffusion currents that act along the x-axis and by ionization. 

Along the x-axis, the particle currents are caused by the induced 
electric field and by the concentration gradient, and in the case of 
electrons, by the external electric field as well. The particle-drift 
velocities in this direction are the same, and the diffusion conditions 
are ambipolar and are maintained by the electric fields. The corre- 
sponding electron and ion currents rex  and F~x are determined by the 

relation 

" _ .  t3be Fox e = FOx 1 _ ~ DaNoe ~ (p cos vx -/- -o sin w ) .  

Here, p cos l~l + Issin ul = 0; to the left of the point x = l these 
currents are directed opposite to the x-axis, and to the right of this 
point-along the x-axis. The total number of particles carried away 
by each of the currents rex  and F~ x per unit time from a volume of 

2 a X l X l i s  

2 ~ vN0 ch pa. 

The same number of particles of each kind are produced per unit 
time in this volume by ionization. Thus, the particle balance in the 
layer is maintained, and this allows the initial state to be considered 

an equilibrium state. 
To consider the particle balance in a perturbed state, we use the 

ion-continuity equation in perturbations 

i ~  + e) nl = 

= - -  b. r On~ 
(3A) 

- -  D i A n  1 - -  Zn~ .  

Here, n I and r are given by relations (2.1), in which the following 

relationship exists between N l and ~'1 (see (2.3)): 

_ f o r -  k y b i E  o 
~I', = zNle/~, tg 8 ~ @ Dap2 __ Dik?, :4 = const. 

-st 

E 
I 
I 
I 

F i g .  2 

Adhering, as before, to the ideas of the Galerkin method, we use 
orthogonality condition (3.1) with respect to the balance function 
cosvx. We introduce 

a 

{f}*= ~ ]eosvxdx .  
- - a  

Then we obtain 

{nr}* = N , a ,  {anx}*  = - -  ( v '  Jr- k 2) N l a ,  (3 .2 )  

{_~_, 0.o \]* v~ n ~ .  O = - - i ~ - F l { n o ) * •  acornS, 

Now it is easy to establish the origin of the individual terms in 
(2.4). The first two terms in (2.4) reflect the effect of  ionization and 
of variation in the diffusion currents governed by the perturbed-con- 
centration gradient and by the effect on this concentration of the elec- 
tric field induced in the initial state, 

since Z .~ Da(P z + u2). Here, this current variation, as opposed to 
ionization, exerts a stabilizing influence on the initial state of the 
plasma layer. The role of the term 0 depends on the sign of cos 6. 
When 5 > 0, which means (c~ + DaP z --  Di kz) > 0, this term is stabi- 
lizing; when ( a  + DuO 2 --  Di k2) < 0, it is destabilizing. If we compare 
the real part of (3.1) with (2.4), we find that the condition cos 5 <> 0 
is equivalent to the following: 

F~.kJDebl  / be ~ ~/8 (kuP)~ [2Da + (%Xe)2 (Da -I- Di)], 

and the quantity 8,  which is governed by the effect of the perturbed 
electric field on the equilibrium concentration of ions, is adequate 
for the third term (fraction) in (2.4). 

The role of the perturbed electric field is shown graphically in Fig. 
1. In this figure, curve 1 represents the equilibrium-concentration dis- 
tribution, and curves 2 and 3 represent possible distributions of the x- 
component of the perturbed electric field Eix . Curve 2 corresponds to 
cos6 > 0 and curve 3 to cos5 < 0. The destabilizing role of the per- 
turbed field (curve 3) consists of that it causes the ions to move toward 
the center of the layer. 

Instability means disturbance of the balance between the particles 
leaving the layer and the particles produced by ionization�9 As a result, 
an excess number of particles, as compared with the equilibrium state, 
is formed in the layer. The excess number can be determined by mul- 
tiplying the right-hand side of (3.1) by cos ux and by integrating it over 
the volume 23 X ~'y X r z (ry and r z are half-wavelengths in the y- and 
z-directions). Now, owing to adequacy of the fraction in (2.4) and of 
the quantity G, we can write the instability condition as 

F i g .  1 

F..k2 @ Co < @(k~p/' i2Do + (foo*~)'~ (D~ + D,I], 

Di k2 < Oap 2 -}- @ lS'l n*n ] cos 6 . (8.4) 

In conclusion, we note that the imaginary part of (3.1) gives a re- 
sult agreeing with (2.5), but in terms of the coefficient ~. 

Examination of the continuity equation for the electron component 
leads to similar results, i.e., to (2.4), (2.5), and (3.4), since 

F i V r l  e =  V x, 

where F e and FIt are the linearized electron and ion diffusion currents, 

2 2  



respectively. The roles of the individual terms in this equation, how- 
ever, are different than in the continuity equation for ions. This is due 
to the antiparallel motion of electrons in an electric field and to their 
motion under the influence of Lorentz forces. Here, we consider only 
one problem: we clarify the condition under which the field Elx has a 
distribution similar to curve 3 in Fig. 1. 

Figure 2 shows the orientation of the fields in the plasma layer. 
The electric field induced in the equilibrium state E varies along the 
x-coordinate (see (1.9)). To the right of the yz-plane, which passes 
through the point m (right region), this field is oriented along the x- 
axis; to the left of this plane (left region), it is counter to the x-axis. 

Under the influence of the external fields B and E0, the electrons 
drift in the positive directionof thex-axis withthevelocity OJeTebe.l E0. 
Since the ion-drift velocity is different (in this case, it is zero, be- 
cause the cyclotron frequency of the ions was ignored), charge separa- 
tion occurs, and an electric field Eoi, whicheoincides with thepositive 
direction of the x-axis, is induced in the layer. Electron drift under 
the influence of the fields 13 and E occurs along the y-axis. The elec- 
tric field E l induced as a result of this is oriented along the y-axis in 
the left region and counter to it in the right region. The field E,, to- 
gether with the magnetic field, causes electron drift along the x-axis, 
and in the layer an electric field E z is induced that is parallel to the 
x-axis in the left region and antiparallel in the right region. Thus, 
the x-component of the induced field is i(E01 + E2) in the left region 
and i(E01 -- Ez) in the right region. Hence, it foltowsthat the perturbed 
field El can be distributed similarly to curve 3 (Fig. 1) if in the right 

region E 2 > E01. within this region this is equivalent to the requirement 

E l > E0 or WereE > E0. 
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